This note describes ideals generated by symmetric polynomials in two sets of variables A, B. These ideals generalize the ideals generated by differences of elementary symmetric functions considered by Fischer (1988) and the ideals generated by symmetric functions in the formal difference A-B described by Pragacz (1987) . The main tool is divided differences.
Introduction
This paper arose from a comparison of [3, 6] . In [3] , the author proved the following result. Then 9 is generated by where the sum is over all sequences 1 < ii <. . . < ik < n. k = 1, . . . , n; in other words, F is generated by differences of elementary symmetric polynomials in A and B. In the present note, we generalize this result by describing the following more general ideals. We give an explicit description (Theorem 2.2) of the ideal Pr, with the help of Schur S-polynomials.
Note that if we replace Z [A, B] by the ring of polynomials symmetric in A and B, then the analogous ideal was described in [6] . The key trick used in this note is a reduction of a description of 9r to the latter case with the help of a scalar product on Z[A] which was defined in [4] using divided differences. This method allows us to obtain a certain criterion when an G-invariant ideal is actually generated by G-invariants, G being a product of symmetric groups.
Divided differences and a scalar product on a polynomial ring
Let A=(a, , . . . , a, ) be a sequence of independent variables. We will use actions of different operators on the polynomial ring Z [A] . By preserving the convention used in [4, x,a, =
( 1.3)
The scalar product ( , ) is nondegenerate.
The following proposition describes, for instance, the dual bases of the bases mentioned above. Denote by n,(A) the rth elementary symmetric polynomial in A, then we have the following proposition. Proof. (i) stems from [4] and (ii) stems from [2] . We give here a sketch of the proof of (ii). We will show that (wv)<X,,-I)wa
otherwise.
Write Xpv-~=Ccllur (crl~Z), the sum being over ZC E. Then (XBV-l)~.uE= 1 pJuJ (PJei?), the sum being over J, where J = lo + E c (n -1, . . . , n -1) (n-times). 
Schur S-polynomials
by Then for nonnegative integers i, j, we put
Qi,j(A)=Qi(A)Qj(A)+2 i (-l)PQi+p(A)Qj-p(A).
p=1 We now state the main result of this note. 
It is easy to see that for i>O, Qci,o,(A)=Qi(A) and for i+j>O, Qi,j(A)= -Qj,i(A).

